Abstract. We show that the cobordism group of fold maps of even non-positive codimension q into a manifold N is a sum of q/2 cobordism groups of framed immersions into N and a group related to diffeomorphism groups of manifolds of dimension q + 1. In the case of maps of odd non-positive codimension q, we show that the cobordism groups of fold maps split off (q − 1)/2 cobordism groups of framed immersions.
Introduction
A point x ∈ M is said to be a fold singular point of a smooth map f : M → N of manifolds of dimensions m and n respectively with m ≥ n if there are coordinate neighborhoods of x in M and f (x) in N with respect to which locally the map f is a product of a Morse function and an identity map, i.e., f : (R m , 0) −→ (R n , 0), f : (x 1 , ..., x m ) → (x 1 , ..., x n−1 , ±x 2 n ± · · · ± x 2 m ). A map with only fold singular points is called a fold map. Fold maps of non-positive codimension and their modifications are known to give extensive information about manifolds. They are related to stable spans, smooth structures, foliations, pseudoisotopies and such theorems in algebraic topology as the Khan-Priddy theorem, standard Mumford conjecture, May-Segal theorem and Hopf invariant one problem.
Cobordism groups of fold maps of non-positive codimension were studied in a series of papers by Ando [1] , [2] , [3] using the Eliashberg h-principle [5] , [6] on the existence level for fold maps, Ikegami [11] , Ikegami and Saeki [10] , Kalmar [12] , [13] , [14] , [15] , [16] and Saeki [25] , [24] .
In the current paper for each non-positive codimension −q we define cobordism theories of framed immersions B i (·) = B i,q (·) of codimension −q, with 0 ≤ i ≤ q+1 2 , and cobordism theories X(·) = X q (·) and Y(·) = Y q (·). Cobordism theories of framed immersions are related to stable homotopy groups of classifying spaces of certain Lie groups (e.g., see Proposition 5.2); while the cobordism theory X q (·) is related to diffeomorphism groups of manifolds of dimension q + 1. The spectrum X q is also known as Ω ∞ hV, and, specifically for q = 1, as Ω ∞ CP ∞ −1 (e.g., see [19] ). By definition the infinite loop spectrum X q−1 is given by
where U ⊥ is the canonical vector n-bundle over the Grassmann manifold G q,n of q-planes in R q+n , and the colimit is taken with respect to maps
). associated with inclusions of Thom spaces.
We show that the spectrum of the cobordism theory of fold maps of codimension −q is equivalent to (1), (2), significantly clarifies the structure of the spectrum of cobordism groups of fold maps and remarkably simplifies the study of fold maps (e.g., compare with [3] ). It follows for example that all known invariants of cobordism groups of fold maps (e.g., see papers by Ando and Kalmar) are either invariants of cobordism groups of framed immersions, or invariants of X or Y, or invariants given by their linear combinations.
We refer the reader to section 6 for further applications of the results in the current paper to problems on
• diffeomorphism groups Diff M of manifolds and higher torsion invariants of smooth manifold bundles, • embedded singular cobordism categories, and • cobordism groups of maps with so-called Morin singularities, which are singularities of a more general type than that of fold ones. The author is thankful to O. Saeki and B. Kalmar for comments and questions; Proposition 4.2 and Corollary 3.7 were proved in attempt to answer some of their questions.
Cobordism groups of maps with prescribed singularities
In this section we recall the definition and properties of spectra constructed in [20] for cobordism groups of maps with a prescribed set of Kinvariant singularities. The definition of K-invariant singularities will not be essential for our purposes (see Remark 2.2) and will be omitted. We will, however, tacitly use the property that a K-invariant singularity of a map f : M → N is defined so that it depends not on dimensions of M and N , but on the codimension of f , i.e., on dim N − dim M .
Except for Examples 1, 2, in this paper we will also tacitly assume that the dimension of the target manifold N of the cobordism groups under consideration is greater than 1.
A point x ∈ M of a smooth map f : M → N of manifolds is said to be singular if the rank of the differential df at x is less than the minimum of dim M and dim N . A non-singular point of f in M is called regular.
Given a prescribed K-invariant set τ of singularity types of map germs of codimension q, a τ -map is defined to be a map of codimension q each germ of which is either regular or singular of type τ . We say that a set τ of singularity types is open if a C ∞ -slight perturbation of any τ -map is also a τ -map. An orientation on a τ -map f : M → N is defined to be a choice of orientation on the normal bundle f * T N ⊖ T M of f , where T M and T N stand for the tangent bundles of M and N respectively.
In this paper we will consider only oriented τ -maps. Two τ -maps f i : M i → N , with i = 0, 1 are said to be cobordant if there is
Cobordism classes of τ -maps into a manifold N form a semigroup which by the Grothendieck construction can be extended to a group called the cobordism group of τ -maps into N . Cobordism groups of τ -maps into smooth manifolds form a group valued functor, called the functor of the cobordism group of τ -maps. It is defined on the category of smooth manifolds and codimension 0-embeddings. Its value on a manifold N is the cobordism group of τ -maps into N . Example 1. The cobordism group of non-singular maps of codimension q into a one-point-space P is a free group whose generators are in bijective correspondence with diffeomorphism types of manifolds of dimension q.
Example 2. The cobordism group of fold maps of codimension q into P is isomorphic to the cobordism group Ω q of Thom of oriented manifolds of dimension q under the isomorphism associating to the cobordism class of a fold map M → P the cobordism class of M .
In [20] the author showed that for a fairly general choice of τ (see Theorem 2.1), the functor of the cobordism group of τ -maps admits an extension to a generalized cohomology theory with a spectrum Σ τ that has a fairly simple description.
The (t + q)-th term of Σ τ is constructed by means of the universal vector t-bundle ξ t : E t → BSO t . Let S t denote the space of Taylor polynomials at 0 ∈ R t+q of τ -maps
with b ∈ BSO t , into the fibers E t |b of ξ t over b. Then the map π : S t → BSO t taking f b onto b has a structure of a fiber bundle. By definition the (t + q)-th term [Σ τ ] t of the spectrum of the cobordism group of τ -maps is the Thom space T π * ξ t of the bundle π * ξ t over S t . In other words, the spectrum in question is defined to be the Thom spectrum with the (t + q)-th term T π * ξ t . Theorem 2.1 (Sadykov, [20] ). Let τ be an open set of K-invariant singularities. Suppose that τ contains fold singularities. Then the functor of cobordism groups of fold maps of codimension q admits an extension to a generalized cohomology theory classified by the spectrum Σ τ .
Remark 2.2. The set of fold singularities is not K-invariant. Nevertheless, the above definitions and the statement of Theorem 2.1 remain true for fold singularities as well. Indeed, let τ denote the minimal set of K-invariant singularities containing fold singularities. Then by dimensional reasoning one can show that on one hand side the cobordism group of τ -maps is isomorphic to the cobordism group of fold maps; and, on the other hand, the spectra for τ -singularities and fold singularities are equivalent. Hence the construction applied to the set of fold singularities do yield a spectrum of a generalized cohomology theory extending the functor of the cobordism group of fold maps.
Remark 2.3. Generalized cobordism theory of Σ τ associates cohomology groups not only to closed manifolds, but also to general topological spaces, and, in particular, to open smooth manifolds.
We caution the reader that some authors define cobordism groups of fold maps into open manifolds X, and in particular into R n , in a way different from ours; namely, not as Σ τ (X) := [X + , Σ τ ], where X + stands for X ⊔ { * }, but as Σ τ (Ẋ, * ), whereẊ denotes a one point compactification of X. There is, of course, a splitting
where Ω q is the cobordism group of oriented manifolds of dimension q (see Example 2).
Let A 0 denote the spectrum constructed for regular maps, i.e., A 0 = Σ τ where τ is empty. In the case where τ consists of a single singularity class, the spectrum Σ τ \ A 0 has a fairly nice description.
Let us recall that the terms of the spectrum Σ τ \ A 0 are Thom spaces of vector bundles over spaces S t = S t (τ ).
Lemma 2.4 (Kazarian-Szűcs, [18] , [29] ). The limit of spaces S t (τ ) with respect to t is homotopy equivalent to the classifying space BG of the relative symmetry group G of the singularity τ .
Remark 2.5. The relative symmetry groups of fold singularities are computed for example in the paper [21] and can be described as follows.
For non-negative integers a, b, let [O a × O b ] + denote the group of orientation preserving elements of O a × O b . Then the relative symmetry group G of the fold singularity of index a is given by
and a is even; and
and a is odd.
Here, for a > 0, the element h a stands for the transformation in O 2a that exchanges the two factors of R a × R a ; and r a is a fixed element in O 2a that reflects the first factor of R a × R a along a hyperplane.
If τ consists of a single singularity, then over S t = S t (τ ) there are defined kernel and cokernel bundles. The cokernel bundle is defined to be the subbundle of π * ξ t with fiber over a Taylor polynomial T (f ) ∈ S t given by the pullback of the cokernel of T (f ), while the kernel bundle is defined to be the subbundle of π * ε t+q with fiber over T (f ) given by the pullback of the kernel of T (f ). Here ε t+q is the trivial vector (t + q)-bundle over BSO t .
Lemma 2.6. In the case where τ is any fold singularity, the limit of the kernel bundles over lim S t (τ ) is the universal vector G-bundle over BG.
Proof. The statement of Lemma 2.6 follows from the observation that the action of the group G on the limit of kernel bundles is the standard one. The latter can be verified for example by inspecting the list of relative symmetry groups given in Remark 2.5.
Cobordism group of fold maps
We are particularly interested in the spectrum A 1 of the cobordism group of fold maps, i.e., A 1 = Σ τ , where τ consists of fold singularities. Let X be a subspectrum of A 1 given by Σ τ \A 0 where τ stands for the fold singularity of index 0. Clearly the infinite loop spectrum in the introduction is equivalent to the spectrum X defined here.
Our main results are based on the following somewhat surprising lemma.
Lemma 3.1. Suppose that q is even, then there is a retraction r of A 1 onto its subspectrum X.
Proof. By Lemma 2.4 the (t + q)-th term [X] t of the spectrum X is given by the Thom space of a vector bundle over a space X t with lim X t ≈ BSO q+1 . Similarly, for i = 0, 1, the (t + q)-th term of A i is the Thom space of a bundle π * i ξ t over some space A i t , where π i : A i t → BSO t is the projection given in the definition of A i . It follows that lim A 0 t ≈ BSO q . Let BSO denote the limit of Grassmann manifolds G i,j of i-planes in R i+j . There is an involution I on BSO described in [27] given by the limit of maps G i,j → G j,i taking an i-plane onto its orthogonal j-plane.
We will show that the composition of the map lim π 1 : lim A 1 t −→ BSO with the involution I on BSO is homotopic relative to lim X t ⊂ lim A 1 t to a map with image in BSO q+1 . This will readily imply Lemma 3.1.
Let Z t denote the subset of A 1 t that consists of jets of fold germs. Over Z t (respectively A 0 t ) there are canonical kernel and cokernel bundles denoted by K 1 and C 1 (respectively K 0 and C 0 ). We note that the kernel bundle K 1 is isomorphic to the normal bundle of Z t in A 1 t (e.g., see [4] ). Proof. For a smooth map f : M → N of manifolds and a regular point x of f , there is an exact sequence of stable vector spaces
where T x M is the tangent space of M at x, the space T f (x) N is the tangent space of N at f (x), and ker (f ) and coim (f ) are the kernel and coimage of the differential df at x respectively. Consequently, there is an isomorphism of stable vector bundles
is a geometric interpretation of the isomorphism (3).
Similarly we can show that over Z t there is an isomorphism of stable vector bundles In the next step we piece the vector bundles K 0 ⊕ ε over A 0 t and K 1 over Z t together to form a vector bundle χ over A t of dimension q + 1. To this end we construct a vector bundle χ over a neighborhood U of Z t so that χ is isomorphic to K 1 over Z t and K 0 ⊕ ε over U \ Z t ; such a vector bundle χ readily extends to a desired vector bundle over A 1 t . In fact we show that for a projection π of U onto Z t , the vector bundle χ := π * K 1 over U satisfies the mentioned conditions. Let Z be the component of Z t of jets of fold germs of some index i. By Lemma 2.4, the space Z is weakly homotopy equivalent to the classifying space BG of the relative symmetry group of fold singularity of index i. Furthermore, by Lemma 2.6, the normal bundle of BG in U is isomorphic to the Borel construction
where EG is the total space of the universal principle G-bundle over BG.
In particular, for an appropriate choice of BG, we obtain a bijective map ϕ of EG × G R q+1 onto an open tubular neighborhood U i of Z.
Let f : R q+1 → R be a Morse function of index i. Then over R q+1 \ {0} there is an isomorphism of vector bundles
which, by the Borel construction, translates into an isomorphism
of vector bundles over the complement in EG × G R q+1 to the zero section.
In view of the map ϕ, this yields
In the case where q is even this implies the desired requirement as C 1 is trivial. By Lemmas 3.2-3.3 the restrictions of the stable vector bundle χ ⊕ ξ t to A 0 t and Z t are trivial. We need, however, a slightly stronger statement. Lemma 3.4. The stable vector bundle χ ⊕ ξ t is trivial over A 1 t . Proof. The vector bundle ξ t ⊖ C 1 is canonically isomorphic over Z t to the canonical image bundle. Consequently, there is a canonical trivialization of the vector bundle χ ⊕ ξ t ⊖ C 1 which over a point [f ] ∈ Z t represented by a map germ f is given by the isomorphism
Let us recall the projection π of the open neighborhood U of Z t in A 1 t onto Z t . It pulls back the above trivialization to a trivialization of π * (χ ⊕ ξ t ⊖ C 1 ) over ∂U . In other words over ∂U we obtain a trivialization
This trivialization coincides with the canonical trivialization of K 0 ⊕ ξ t over A 0 t , and therefore, it extends to a trivialization of χ ⊕ ξ t over A 1 t . Now we are in position to complete the proof of Lemma 3.1. By Lemma 3.4, the map π 1 |A 1 t stably classifies the vector bundle −χ, in particular I • lim π 1 is homotopic to a map with image in BSO q+1 . Furthermore by Lemma 3.2 we may choose a homotopy constant over lim X t . Consequently there is a retraction of lim A 1 t onto lim X t .
, let B i denote the spectrum Σ τ /A 0 where τ stands for the fold singularity of index i. Then the spectrum A 1 /A 0 is a wedge sum of spectra ∨B i indexed by i = 0, . . . , . Let us observe that the spectrum Σ τ , where τ stands for fold singularity of index 0, is equivalent to the spectrum X. Hence, Lemma 3.1 implies that in the case where q is even the cofiber sequence of spectra
splits, i.e., the following theorem takes place.
Theorem 3.5. If the codimension −q of maps is even, then the spectrum A 1 is equivalent to the spectrum ∨ i>0 B i ∨ X.
In the case where q is odd, the proof of Lemma 3.1 only implies that there is a cofiber sequence of spectra
where s = q+1 2 . Indeed, let A ′ 1 denote the spectrum Σ τ , where τ stands for fold singularities of index = s. Then, by the proof of Lemma 3.1, there is a retraction A ′ 1 → X, which implies that the spectrum A ′ 1 is equivalent to ∨ i =0,s B i ∨ X. Now the cofiber sequence (5) follows from the observation that A 1 /A ′ 1 is equivalent to B s . Let Y denote a subspectrum of A 1 defined as Σ τ , where τ consists of fold singularities of indexes 0 and s. We note that there is a projection of A 1 onto ∨ i =0,s B i . In view of the first map in the sequence (5) we deduce the following theorem. Theorem 3.6. In the case where the codimension −q of maps is odd, the spectrum A 1 is equivalent to
Let us, for example, apply the splitting theorems (Theorems 3.5 and 3.6) to deduce (and improve) the main theorem in [13] .
Corollary 3.7 (Kalmar, [13] ). The cobordism group of fold maps of manifolds of dimension n + q into S n splits off the direct sum ⊕π st n−1 of q−1 2 copies of the stable homotopy group π st n−1 of spheres.
Proof. For i = q+1 2 , the cokernel bundle C 1 over the classifying space BG of the relative symmetry group of fold singularity of index i is trivial. Hence, up to a q-fold suspension the spectrum B i is equivalent to the spectrum S ∧ BG + , where S is the sphere spectrum and BG + is BG ⊔ {pt}. On the other hand there is an obvious inclusion S → S ∧ BG + and a projection S ∧ BG + → S whose composition is the identity map of S. Hence, for every manifold N , the group B 0 i (N ) splits off S 1 (N ). In particular, the group B 0 i (S n ) splits off the group π st n−1 . Remark 3.8. In fact our proof of Corollary 3.7 shows that the cobordism group of fold maps of manifolds of dimension n + q into an arbitrary manifold N of dimension n splits off the direct sum of q−1 2 copies of the 1-st cohomology group S 1 (N ).
The spectrum Y in Theorem 3.6 can be described in terms of cofiber sequences
It is not known if the spectrum Y split off the term B s . On the other hand, the cohomology groups of the spectra A 1 split both in the cases of even and odd codimension as follows.
Theorem 3.9. For any coefficient field, the cohomology group H * (A 1 ) is isomorphic to the sum ⊕ i>0 H * (B i ) ⊕ H * (X).
Proof. The equation (4) gives rise to a long exact sequence
To prove Theorem 3.9 it suffices to show that the homomorphism j * induced by the inclusion of X into A 1 admits a right inverse.
In the case where the codimension −q is even the existence of a right inverse of j * follows from Theorem 3.5.
Suppose now that −q is odd. The cohomology group of X is isomorphic to a sum of groups of polynomials P ⊕ e P , where P is a polynomial group on Pontrjagin classes p 1 , ..., p q+1 2 if the coefficients are chosen to be in a field of characteristic = 2, and on Stiefel-Whitney classes w 2 , ..., w q+1 otherwise. Here e is the Euler class.
We will only give an argument in the case where the coefficient field is chosen to be of characteristic 0. The argument in other cases is similar.
We define (j * ) −1 |P to be the composition
of the canonical inclusion, the Thom isomorphism, and the homomorphism induced by the canonical map A 1 → MSO of Thom spectra; and the homomorphism (j * ) −1 |e P to be the composition
of the canonical isomorphism, the canonical inclusion, the Thom isomorphism, and the homomorphism induced by the projection A 1 → B 0 . It remains to show that for each x ∈ P ⊕ e P , the restriction of the class (j * ) −1 (x) to X is x. In the case where x ∈ P , this immediately follows from the definition of (j * ) −1 (x). In the case where x ∈ e P , this follows from Lemma 2.6.
Geometric meaning of cohomology theories B i
By the Pontrjagin-Thom construction [20] , for each integer i in the interval [0, ], the cobordism class of a fold map f : M → N of codimension q gives rise to a homotopy class o i (f ) in B 0 i (N ). We note that the class o i (f ) is a partial obstruction to the existence of a homotopy of f to a fold map without fold singularities of index i. In other words, if f is homotopic to a fold map without fold singularities of index i, then, by the Pontrjagin-Thom construction, the class o i (f ) is trivial. On the other hand, a priori, even if o i (f ) is trivial, the fold singularity of index i still may be essential for the homotopy class of f .
Remark 4.1. In slightly different terms invariants of fold maps given by o i (f ) are defined and studied by Kalmar in [15] and his other papers. For example, he showed that cobordism classes of fold maps f of manifolds of dimension 3 into S 2 are determined by the obstruction classes o 0 (f ) ∈ Z 2 and o 1 (f ) ∈ Z 2 . In a more general setting these obstructions are defined in [20] and [28] . Similar obstructions have been also defined earlier by Koschorke in [17] for morphisms of vector bundles. Let us also mention an equivariant cohomology version of obstructions o i (f ) defined in [7] .
Let BG denote the classifying space of the relative symmetry group G of the fold singularity of index i (see the list of groups G for each i in section 2). We recall that over the space BG there are well defined vector bundles K 1 and C 1 of dimensions q + 1 and 1 respectively. Definition 1. A framed immersion (or a framed G-immersion) into a closed manifold N is defined to be a codimension 1 immersion h : S i → N together with a continuous map j : S i → BG and an isomorphism γ of j * C 1 and the normal bundle of h. The notion of cobordism classes of framed immersions can be defined in a usual way. 
of ν h and the pullbacks of two stable vector bundles over BG. In particular, there is an isomorphism of vector bundles
Hence, by the Smale-Hirsch Theorem, there is an immersion S i → N with normal bundle isomorphic to j * C 1 . Consequently, the class o gives rise to a framed immersion into N . Thus we get a map assigning to each class o a framed immersion. It is straight forward to show that this map induces a bijective correspondence between homotopy classes in B 0 i (N ) and cobordism classes of framed immersions into N .
Examples
By Theorem 3.5 in the case of cobordism groups of equidimensional fold maps, the spectrum A 1 is equivalent to the spectrum X, which in its turn is equivalent to the sphere spectrum S. For example, we immediately deduce the following proposition.
Proposition 5.1. The cobordism group of equidimensional fold maps into a sphere S n is isomorphic to the stable homotopy group π st n . By Theorem 3.5 in the case of cobordism groups of fold maps of codimension −q = −2d, the spectrum A 1 is equivalent to X ∨ i B i where the index i ranges from 1 to d. By the proof of Corollary 3.7, this allows us to express the reduced cobordism groups of fold maps of spheres in terms of stable homotopy groups of classifying spaces of Lie groups.
Proposition 5.2. The reduced cobordism group of fold maps of codimension −q = −2d into a sphere S n , with n > 1, admits a splitting isomorphism of groups
where BG i is the relative symmetry group of the fold singularity of index i.
Remark 5.3. There is a fairly simple geometric argument [16] showing that the map σ × o 0 is an injective homomorphism ofÃ 0 1 (S n ). Here o 0 stands for the homomorphismÃ 0 1 (S n ) →B 0 0 (S n ) that takes the class represented by a map f onto o 0 (f ). In the case where −q is odd, a similar statement takes place for cobordism groups of so-called framed fold maps [16] .
In the case of cobordism groups of fold maps of codimension −q = −2d−1, by Theorem 3.6, there is an equivalence of spectra A 1 and Y ∨ i B i with i ranging from 1 to d. As above we deduce the following proposition.
Proposition 5.4. For the reduced cobordism group of fold maps of codimension −q = −2d − 1 into S n , with n > 1, there is a splitting isomorphism of groups
The termỸ 0 (S n ) in Corollary 5.4 fits the exact sequencẽ
associated to the cofiber sequence
In some cases this allows us to simplify computations of Y(S n ).
Corollary 5.5. The reduced cobordism class of a fold map f of codimension −1 into S 4 is determined by o 0 (f ) and o 1 (f ).
Proof. In the case of maps into S 4 we obtain an exact sequence
is isomorphic to the sum of two cobordism groups of framed immersions.
6. Further applications 6.1. Diffeomorphism groups of manifolds. By definition a characteristic class c of smooth fiber bundles is a rule that associates to each smooth fiber bundle ξ of a prescribed dimension q over a manifold Q a cohomology class c(ξ) ∈ H * (Q) so that for a smooth map f : P → Q of base manifolds, there is an equality c(f * ξ) = f * c(ξ) of cohomology classes in H * (P ). Characteristic classes of smooth fiber bundles of dimension q are cohomology classes of ⊔ BDiff M , where the union ranges over diffeomorphism types of manifolds of dimension q. In a forthcoming paper [23] we study those characteristic classes that satisfy a certain natural stability property. For example, it follows that the Miller-MoritaMumford classes and the higher Franz-Reidemeister torsion invariants [9] satisfy a weak version of the stability property. It turns out that stable characteristic classes can be studied by means of cobordism groups of fold maps, while weakly stable characteristic classes can be studied by means of cobordism groups of fold maps f : M → N for which the singular set Σ(f ) has trivial normal bundle in M . In fact, it turns out that for each q, the spaces (1), (2) are weakly homotopy equivalent to a space which as a set is given by the disjoint union B Diff M α of classifying spaces of diffeomorphism groups of manifolds and manifolds with singularities of dimension q. This and the main result of the current paper allow us to compute all stable characteristic classes of smooth fiber bundles with fibers given by closed manifolds of dimension q [23].
6.2. Embedded singular cobordism categories. In [22] we study embedded cobordism categories which generalize the embedded cobordism category of Galatius, Madsen, Tillmann and Weiss [8] and the category of conformal surfaces of Segal [26] . It turns out that the spaces (1) and (2) are classifying spaces of some of the singular cobordism categories. 6.3. Cobordism groups of Morin maps. As has been mentioned all invariants of cobordism groups of fold maps are either cobordism classes of framed immersions or cohomology classes in X(·) or Y(·) related to diffeomorphism groups of manifolds. In general these invariants are too difficult to compute. On the other hand, in a forthcoming paper [21] we utilize the main result of the current paper to compute and geometrically interpret all rational invariants of cobordism groups of so-called Morin maps, which are maps with singularities of a more general type than that of fold ones.
